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Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1—10.

1 Consider the following statement:
“If n is a perfect square, then n is not 2 more than a multiple of 3.”

Which of the following is the negation of this statement?

A. If nis not 2 more than a multiple of 3, then n is a perfect square.
B. n is a perfect square and n is 2 more than a multiple of 3.

C. If nis 2 more than a multiple of 3, then n is not a perfect square.

D. nis not a perfect square and n is not 2 more than a multiple of 3.

2 Which of the following gives the two solutions of 2% — (2 + 6i)z — 5 + 2i = 07
Al z=2o0rz=2+5i
B. z=2o0rz=06
C. z=10rz=2+5i

D. z=1o0rz=061

3 Consider the statement:
“If n = 2* then n has exactly k + 1 factors.”

Which of the following is the contrapositive of this statement?
A. If n has k + 1 factors then n = 2.

B. If n does not have exactly k + 1 factors, then n = 2*.

C. If n has exactly k + 1 factors, then n # 2*.

D. If n does not have exactly k + 1 factors, then n # 2F.
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4

A.

The Argand diagram below shows the location of the complex number z.

[

Re

Which of the following shows the location of iz ?

2 lm

B. Im




What is the value of (—+/3 + )20%4?

A 2202 (=1 4+ 4/30)

B. 22021 (1 4 +/3i)

C. 228 (—1++/3i)

D. 2202 (14 +/3i)

Which of the following is equal to JW dx?
A, 22843z +6Injz—2[+C

B. 32*+3z—6ln|z—2[+C

C. j2*+3z+6lnjz—2[+C

D. Iz'+3z—6lnjz—2[+C

2572

4

Which of the following is equal to J , sin vV do?
9

27

A2
B. -2
C. 4
D. -4
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Let z be a complex number satisfying |z + i| = 3.

Which of the following shows the minimum and maximum values of |4z — 3|?
A 5<[42-3| <15

B. 5<[4z-3| <17

C. 7<4z-3|<15

D. 7<l4z-3| <17

Consider the sketch of y = tanx for x satisfying 7 <z < 3.

Which of the following holds for all ¢ € (%’ g)?
A sect < ez(t=T)(+tant)

B. sect > e%(t—%)(lﬂant)

C. sect< \/56%(’5*§)(1+tant)

D. sect> \/Ee%(t—%)(lﬁant)

Suppose there exist vectors a, b and 1 such that r = a + (¢ - b)b.

If r is perpendicular to ¢ — b, what is the minimum value of 1 + |b|*?

A gl +1
g le+1

2
C. 2|q
D. |q



Section II
90 marks
Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Start each question on a new sheet of paper.

Question 11 (16 marks) Use a new sheet of paper.

- in the form = + 1y, where = and y are real.

(a) Express 7+ 6i +
—1

2
2
(b) Find f a2

T+ tanx

(c) (i) If a and b are divisible by d, show that ma + nb is divisible by d.

(ii)  Prove by counterexample that the converse to (i) is false.

(d) (i) Expand and simplify (cos@ + isin6)*.

4tanf — 4tan® 6
1 —6tan?6 + tan*6’

(ii)  Hence, show that tan46 =

2\ 6
() Letu= | 2 |andy= | —12) |, where X is a real number.
3 6

(i) Show that y and v are not parallel.

(ii)  Show that u and v are not perpendicular.

f) A particle moves in simple harmonic motion about the origin.
g
It is initially at the origin. If the period of the particle is % seconds,

find the first two times when the particle’s speed is half the maximum speed.

End of Question 11



Question 12 (14 marks) Use a new sheet of paper.
(a) Let w = €% be a fifth root of unity.

(i) Prove that w + w? + w?® + w* = —1.

(ii) Let a =w+w?and B = w? + w3. Suppose that a and 3 are
the roots of the quadratic equation 2% + bz + c.

Determine the values of b and c.

(iii)  Hence, determine the exact value of cos 2.

: : 2?41+ 3
(b) (i) Find fm dx.

dzx.

1
1
(ii) EvaluateL e

(¢) A bowling ball of mass m kg on a frictionless ramp is held stationary
by a light inextensible string with tension of magnitude 7" newtons.
The normal force of the bowling ball has a magnitude of N newtons.
The ramp is inclined at an angle of « to the horizontal, and the string

is held at an angle of 5 to the ramp, as shown:

T

@ [

myg

Let g be the magnitude of the acceleration due to gravity.

Prove that N = mg(cos a — tan B sin «v).

End of Question 12



Question 13 (15 marks) Use a new sheet of paper.

(a)

Let P(z) = 2% + kz? + 6, where z is complex and k is real.
When P(z) is divided by 2? + 4, the remainder is —4z — 6.
Find the value of k.

(i)  Prove that cosf = 1(e” + ™) and sinf = (e — ™).

(ii))  Hence, prove for all real A and B that

sin2A + sin 2B + sin(2(A + B)) = 4 cos Acos Bsin(A + B).

— X

Find J ;” dz.

3 2 -3 0
Two lines are given by 71 = | —1 |+ A | 0| and ry = 1 [+ulp
4 1 2 4

where p is a real number. These lines intersect and meet at an angle of 6.

Show that 8 = arccos (%)

Prove that 4/29 is irrational.

End of Question 13

)

w



Question 14 (14 marks) Use a new sheet of paper.

1
(a)  Evaluate J 221 — 22 dx.
0

(b) A particle undergoing simple harmonic motion satisfies
i = —n’z.
(i)  Prove that v? = n?(a® — 2?).
(ii) Let M be the maximum speed of the particle. Find the speed

of the particle when it is halfway between the origin and an

endpoint in terms of M only.

(c) Find the closest point on the sphere (x —1)? + (y + 1)2+ (z + 1)2 =5

-2
to the line 1 = 1 |+A| 0 |, given that the line and the sphere
1 -2

do not intersect.

Question 14 continues on the next page



Question 14 (continued)

(d) In the diagram below, AOAB and AOCD are equilateral triangles.
The points K, L and M are the midpoints of OA, BC' and OD, respectively.

Im

7@

Let the complex numbers a, b, ¢ and d represent the points A, B, C'
and D, respectively. Let w = e'3.

—

(i) Show that KL = L (a(w—1) + ¢) and KM = +(cw —a).

(ii))  Deduce that AK LM is also equilateral.

End of Question 14
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Question 15 (15 marks) Use a new sheet of paper.

(a) A particle of mass 3 kg moves in a straight line subject to a force
F = 182" + 242° + 6w,
where x is the displacement of the particle at time ¢.
Let the velocity of the particle be v. Initially, z = 1 and v = —2+/2.

The particle always moves to the left and never passes through the origin.

(i)  Show that v = —/2x(1 + 2?).

(ii)  Hence, show that
1

r=——
\/2e2V2 — ]
(b) It is given that for all positive real numbers z1,zs, ..., x,,

X1+ Xo+ -+ Xy
n

= YT1xo ... Ty

Suppose that positive real numbers x1, 2o, ..., x,, satisfy
1+ 29 + - - + x, = n%. Show that

1 1

R
n n n :
Ty Tg Ty

=n

1
(¢c) Let I, = f z(1 — 2*)" dx, where n is a non-negative integer.
0

(l) ShOW that [n = 33% n—1 fOl" n 2 1
n

(ii)  Deduce that

' n L1 37(n!)
;) (=) 3r+2 Bn+2)x Bn—1)x -+ x2

(d)  Prove by mathematical induction that for all positive integers n,
12 22 n?

=t —— < n?VYn.
NN RS I

End of Question 15
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Question 16 (16 marks) Use a new sheet of paper.

(a)  Let n be a positive integer. Consider the function

(1 + Z'm>4n+1 - (1 o Z'm>4n+1

21x

P(z) =

Show that = = tan (;2=) is a zero of P(x).
Show that P(x) = 4"t1C) — 4105 2% + InH1Cy ot — o 4 g,

Prove that if r is a rational zero of P(x), then r is an integer.

Deduce that tan (ﬁ) is irrational.

Question 16 continues on the next page

12



Question 16 (continued)

(b)  The diagram below shows a sphere with centre O and radius 7 inscribed in
a regular tetrahedron ABC' D. The surface of the sphere touches AABC
and ABDC at P and @ respectively. Let M be the midpoint of BC.
It is given that OP is perpendicular to AM and OQ is perpendicular to DM.

A

Letng,@zg,@zg,andﬁzg.
Let |a| = [b] = [c] = |d| = R.

(i)  Use the fact that ’A—B)’ = ‘B?‘ = ’@‘ to show ¢ - b

I
bi=pl
e

I
Q
0

(i)  Hence, show that AP = %m
(iii)  Similarly, the point @) satisfies m = %DM.

Furthermore, A, O and @) are collinear.

Deduce that R = 3r.

(c)  Sketch the set of all complex numbers z satisfying Arg(z — 1) = Arg(z + i)
on the Argand diagram.

End of paper
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‘Question 1 ‘ 1 mark ‘

Solution
The negation of “If A then B” is “A and not B”.
Answer: “n is a perfect square and n is two more than a multiple of 3.

Hence (B).

‘Question 2 ‘ 1 mark ‘

Solution
We are looking for two complex numbers whose sum is

b
2= 9246i
a

and whose product is
Se 542
a

We find that z =i and z = 2 4+ 57 work, because

i+ (24 5i) = 2+ 6i
i(2 4 5i) = =5 + 2i

Hence (C). \/

] Question 3 1 mark

Solution
The contrapositive of “If A then B” is “If not B then not A”.
Answer: “If n does not have exactly k + 1 factors, then n # 2%

Hence (D). \/



‘Question 4 ‘ 1 mark ‘

Solution
The conjugate of z is a reflection of z in the real axis. Multiplying by ¢ rotates

a complex number 7 radians anti-clockwise about the origin. This gives the
following diagram:

Im

|

Re

Hence (B). \/

‘Question 5 ‘ 1 mark ‘

Solution
Write —v/3 4 4 in mod-arg form, then simplify using De Moivre’s Theorem:

(—\/5 + z) T (20is o)

6

= 2*%cis (2024 x 57)

= 22 ¢is (1686 + Z)

= 22 ¢js %’r

__ 02024 1 3
=2 (‘5 + 7)

— 22023(_1 + \/g)

Hence (C). \/



‘ Question 6

‘ 1 mark ‘

Solution

:J(x2+3—|— 0 )dx
r—2

=12°+3z+ 6|z -2/ +C

Hence (A). \/

] Question 7

1 mark

Solution
Use a substitution followed by integration by parts.
Let xz = .
2572 5
4 2
ﬁ) , siny/z dr = L sin Vu? x 2u du
4 2
5
[ s
=2 usinu du
J3r
2
5T 5
2 2
=2 —ucosu} N 2f (—cosu)du
3 Y%
5T
2
=042 |sinu ;
2

Hence (C). \/



\ Question 8

\ 1 mark \

Solution

The triangle inequality states that, for any complex numbers u and v, that

We have

Similarly,

Hence 7 < |4z — 3| < 17.

Hence (D).

lul = Jol| < Ju 0] < Jul + ol

|4z — 3| = |4(z + 1) — (3 + 49)|
< |4(z 4 10)| + |3 + 41
=4z +i|+5
=4x3+5
=17.

|4z — 3| = |4(z + i) — (3 + 44)|
> |14z + )| — |3+ 44
:‘4|z—|—i|—5‘
— 4% 35|
=7



\ Question 9

\ 1 mark \

Solution
Let t be a real number in the interval (7, 7).
Consider the sketch of y = tanw for § <z < 7.

Y

(t,tant)

|
W

|
[\]
INE
~
)
I
5]

The area of the blue trapezium shown above is greater than the area under
the curve from 7§ to t. Therefore

Area of trapezium > Area under curve
t

$(t—2)(1 + tant) > f tan x dx

s

~

= [1n|secx|]t

s
4

=In|sect| —In|sec 7|

()

Note that we can remove the absolute value signs because cos is positive
between

s

1 and 5. Now exponentiate both sides:

sect _ 5=T)(+tant)

V2

sect < ﬁe%(t—%)(l-i-tant)

Hence (C). \/



‘Question 10 ‘ 1 mark ‘

Solution
Since r is perpendicular to ¢ — b, we have

r(e-9=0
rg-r-4=0
r-a=r-b
Now substitute 7 = ¢ + (¢ - b)b and expand:
(@+(a-0b)-a=(a+(e-Db-b
vt @ = bt DED

Let A\=ga-b.
laf> + 2% = A+ AJp?
N = (14 [B*)A + lal* =0

This is a quadratic equation in A. Since the vectors g,b and 1 exist, this
quadratic must have real solutions. Therefore, the discriminant is non-negative,
SO

Hence the minimum value of 1 + |b]? is 2|g|.

Hence (C). \/



Question 11

a) — - 2(3+4)
7+ 61+ _i:7—61+ 3212
:7—6@'+3'5H
380y
5 5
b)
tan®x + 2 sec?r —1+2 I/
/ d:z::/ dx
r+ tanx r+ tanx
se62:1;—|—1d . 5
= €T
/;U+tan:1: 1/ AW 41 for Subs ‘)‘anx,: Sec o —~ 41
=In|x + tanx| + ¢ I,,-lcjrodiar\ b:j Subs can also be used.
Q) ) Llet a

= pd
ma,+r\b-_—_mpd+nq0l ot
—d(mp + ) V' Uil
whith (s divisible ’Oj d
i) ¥ ma + nb is diusible }9:./ d

then a and b are. divisible by d.
Let o = b

= m = n =4

M& + nb = Ixl + Ixl = 2 whith is
divisible 103 2 but aqa= 1, b= 4
which are ngt divisible /0\7 2. The
Con verse_ stodement IS ~/:a'ese_ l/

Sust writethe converse stoterment without prarfr‘ . Mo marks



d) . 4 .
) L) CCOSG + lSmﬁ) = oS4t + [Smag- O
(case + ising)*= cass + acosoising + 6coso stz i* +
2, .
486 | sice + (1sinte
= Cosqe - 60Se Sn'nqe- + Sing + | (21[052-6 Sint —4 (oS angﬁ) v
Most studests did well @
i) Equodfnf @D and @ from part (O
2 . .
Sina® = 4SO SInG — 4 (oSG Sire
2 . .
CoS 46 — CO.SqﬁL — 6(S ¢ Sint -+ S)nqﬁ-
Sinagr U (oS30 Sint — 456 SN )/
+an 49 = = 2,2 :
CoS 46 Cose — oS Sine + sinfe—

divide bj coste
tHne — 4’[‘01”26‘ e

| — 6tan’s- + Hante-

"-ay\ 44 =

Sn4¢
CoS 46
'n 1erme of Sing and CoSE-

AW 4 mark. for 6~Lr)ressfnal ~+an 4o —

e)

é) Su’)pose 'fhere C)&\’S’i‘e& a r‘ea? number/(

Such ‘H\[l' ,}f-:.,]“lu

(") -

Z- omponent 3 M = M= 2




- Compment™  6X = Max 2
6‘)‘* = AA . X =0

Subs A = (7, /"{:: 2. l’/l"}D +the 7-— Cﬂmﬂﬂé’ﬂ%

—nA. = 2 M

—12x0 = 242 Nt e
v = MU

Y is nit paralel to ¥

AW 1 for Solvin7 for A
State v _—7é XU, without proper erovfny : No marks .
i) Suppose. Y.V =
2N, 66X + 2(=12X) + 3(6)
X — 24X 4+ 18 =0
2 — 4x  + 3 = 0
(r-1)" =1-3
C7\,-— ﬂ.)z = -1 <0
2
There. s MNo Solutions for veal I
W Y oand ¥ are Mt perpendicular.
AW 1. for hal/m? Correct qmiﬁ:a eciuzdww
V'

The. direcdim veclors can clso be a/)/JHed +o prove. this .

= O



6o coset = /301/

Cos 6t = +
6t = T 27
3 /1 3
= T ) 45 Sec_ )/
| & 9

The First dwo Himes @ £ = & ond * = _7q_L_

I
N0+ 6t = T+ ?3&

t = ZK
9



2024 YEAR 12 MATHEMATICS EXTENSION 2 TRIAL SOLUTIONS R

Question 12 (a)(i) (1 mark)

Wi =1
w-1DA+w+w?+w?+w)=0
Asw#1, " 14+w+w?+wd+wt=0

wtwr et +wt=-1 \/

Marking Scheme

v [1] for correctly showing the result

Marker’s Comments:

e Generally well done.

e Although it was not penalised for not writing “As w # 17, students are advised to write it in their HSC,
as it is important to reason why the alternative w = 1 is ruled out.

Question 12 (a)(ii) (2 marks)

a+B=w+w +uw+u?
— 1, by() V

aff = (w+wh) (W +w?)
=W+ w0+ o7
:w3+w4—|—w+w2, since w® =1
=-1

c.aand B areroots of 22 + 2 —1=0

b=1,c=-1 \/

Marking Scheme

v' [1] for obtaining the value of a + 8, or equivalent merit

v [1] for obtaining the correct values of b and c

Marker’s Comments:
e Generally well done.

b b
e Some students however did not know that sum of roots = ——, and instead wrote —, which resulted in
a a
deducing that b = —1.

e Some students also left their answers unsimplified.
E.g. writing b = —(w + w? 4+ w? + w?) and then not using part (i).

SYDNEY GIRLS HIGH SCHOOL



2024 YEAR 12 MATHEMATICS EXTENSION 2 TRIAL SOLUTIONS

Question 12 (a)(iii) (2 marks)

B:w2+w3
:ei%+ei?‘”
=e's +e 's
4
:20081 \/
5
1+v1+4
Also, g = 5 + from (ii)
-14++5
2
11—
As B <0, = V5
2
dn_-1-V5 s
5 4

Marking Scheme

4
v' [1] for deducing that S = 2cos g, or equivalent merit

4
v' [1] for correctly deducing (i.e. with proper working) the exact value of cos %

Marker’s Comments:

4
e Students who deduced that 8 = 2 cos 2T were generally successful in obtaining full marks.

e Generally not done well. Many students were unable to see the connection between parts (ii) and (iii).

SYDNEY GIRLS HIGH SCHOOL




2024 YEAR 12 MATHEMATICS EXTENSION 2 TRIAL SOLUTIONS ot

Question 12 (b)(i) (3 marks)

2 (.2
-2
dex_wﬂ S

2 +x—2 Ja?+x—-2 aZ+a-2
r
5
) (x+2)(z—-1)
r _? 5
=1+ " :2 + . i . dx  (by the cover-up rule)

J

5 5
:x—§1n|x—|—2|—|—§ln|x—l|—|—0

$_1‘+C v

5
=x+-Iln
x4+ 2

3

Marking Scheme

v' [1] for using algebraic manipulation to rewrite the integrand

v [1] for factorising x? + x — 2 correctly

v [1] for correct partial fraction decomposition and correct final answer

Marker’s Comments:

e Generally well done. Students who were able to recognise that 22 +x—2 can be factorised were generally
successful — being able to identify whether the denominator can be factorised is an important technique
in integration.

e However, some students did not factorise 22 + x — 2, and instead completed the square, leading to
erroneous answers most of the time. Only a handful of students who completed the square and used a

trigonometric substitution were successful, but this was not the best approach.
: : ” #?+x+3
e Some students also incorrectly performed partial decomposition on P R—_ Students should
24+ x—
remember that partial fraction decomposition only works when the degree of the numerator is less
than the degree of the denominator.

SYDNEY GIRLS HIGH SCHOOL



2024 YEAR 12 MATHEMATICS EXTENSION 2 TRIAL SOLUTIONS

Question 12 (b)(ii) (3 marks)

Let v =2
3u? du = dx
z=0, u=0

=1 u=1 \/

| 1

——dx = 3u? du
L L+ Yz 1+u
P1u2+u U

1+u 14+u

rl

=3 u—(1+u— ! )dcc
0 1+u 14w

3 L 1+1In2
= - — n
2

2—2—5-31112 \/

Marking Scheme

v' [1] for correct substitution, correctly differentiating it, and correct new limits

v' [1] for correct algebraic manipulation to express the integrand as u — 1 4+

1+u

v [1] for correct final answer

Marker’s Comments:

e Students who had the correct substitution were generally successful.

x3 x3

e Some students incorrectly thought that

3

1

e A nice alternative method after obtaining J
0

1 o 1
—1 1 1
3 L—l—idu:?) u—1+——du.
Q 1+u 1+u . 1+u

3u? du is to write it as
U

1
1+\3/5_(1—|—\3/E)x3_x3+10r 23+

SYDNEY GIRLS HIGH SCHOOL



2024 YEAR 12 MATHEMATICS EXTENSION 2 TRIAL SOLUTIONS

Question 12 (c) (3 marks)

T

T cos

mgcos «

Normally to the plane,
N+ Tsin8 = mgcosa \/

N =mgcosa —Tsinf

Along the plane,

mgsina =T cos 8 \/

mgsin a
T=———
cos 3
mgsin o
.. N =mgcosa — gisinﬁ
0s 5

= mgcosa — mgsinatan 8

= mg(cos a — tan S sin ) v

Marking Scheme

v' [1] for correctly balancing the magnitudes of the forces that are normal to the plane

v' [1] for correctly balancing the magnitudes of the forces that are along the plane

v [1] for correctly showing the required result

Marker’s Comments:

e Generally well done.

components were not successful.

e Students who did not resolve the forces correctly, or had resolved the forces into vertical and horizontal

SYDNEY GIRLS HIGH SCHOOL






















Question 14(a) Marks
- Provides correct solution. 3 marks
- Uses sin? 0 cos? 0 = i sin? (26) OR. uses double angle formulae for cos 26. 2 marks
- Substitutes x = sin # and obtains integral in terms of 6 only. 1 mark
Solution

1
]:J 221 — 22 dx
0

T =sinf T

dr = cosf db x

I

oy @

r

I = sin?04/1 — sin% 6 cosH db \/

Jo

NIE

r

= sin® 0 cos OV cos? 6 df

Jo

INE]

-
= sin? @ cos? 6 db
JO

INIE

r

= (sin 0 cos 0)” db

VB

L

J 2s1n9(:089 do

J sin? (20) dQ\/
0
1) 3

|:0——SIII 49]

(e

Ve

»-lﬁl’—‘
S

m —
VB

l\DI»—

(1 — cos(40)) db

»-lklb—‘

2

OOI»—t

0

_(0- }lsmm)

l\DI>l
»J>I>—‘

OOI»—t

Comments

- There were many unsuccessful attempts including « = 1 — 22 and integration by parts.
- To make progress, the trigonometric substitution x = sin # was necessary.

- Clues for trig substitutions are factors of 1 — 22,1 + 22 or 22 — 1 appearing.

- One interesting approach involved algebraic manipulation and integration by parts.

- The area of a quarter circle was then used to relate I to itself.




Question 14(b)(i)

Marks

- Provides correct solution.

2 marks

- Integrates & = —n?z to show 2v? = —In?2?+C, OR lets v = asin(nt)

to show & = nacos(nt) and v*(a? — 2?) = n?(a® — a®sin’(nt)).

1 mark

Solution i /1
Use the formula & = — (§v2) and integrate:

dx
d (1, 9
T (—2v ) =-n"x

1 1
51)2 = —5712272 + C /

When z = a,v = 0. Therefore

0=—-n%a*+C
2n a” +
1
C — 2 2
2n a
Therefore
1 1 1
51)2 = —§n2x2 + §n2a2
112 = —n2x2 + n2a2
v? = n?(a® — 2?). \/
Comments

- Students were often unable to find C'. They had to use v = 0 when x = a.
- Similarly, limits of integration needed to reflect this boundary condition.

- Alternatively, = asin(nt + «), differentiate, then use Pythagorean identity.



Question 14(b)(ii) Marks
- Provides correct solution. 2 marks
- Finds M = na. 1 mark
Solution

2

The maximum speed is obtained when x = 0. Sub this into v? = n?*(a® —

M2 — n2(&2 _ 02)
:n2a2

M:na\/ (M >0)

When r = ¢, the particle is halfway between an endpoint and the origin.

Sub this into v? = n?(a? — z?):

Comments
- Quite well done.
- Note that maximum speed is positive, so v = i\/TgM is incorrect.

2)2




Question 14(c) Marks
- Provides correct solution. 3 marks

- Finds ﬁ 2 marks
- Obtains an expression for CTQ) -(1,0,—2) = 0 in terms of A OR finds a 1 mark

suitable projection onto the line 7.

Solution
Let the centre of the sphere be C, the foot of the perpendicular from C' to 1 be P,
and let @ be the intersection between the line C'(Q and the sphere, as shown below:

*—

Q P r

Since the shortest distance between a point and a line is the perpendicular distance,
Q is the closest point from C' to the line r. It follows that R is the desired closest point

on the sphere to the line 7.

1 —2 3
Firstly, note that PC=|-1|-| 1 |=1{-=2]. Therefore

—1 1 -2
3 1
- 0

se_ \- o) (1
i~ PC = 0
poipgPC =y |

0 0
-2 -2

Hence




Now

o]

o+
-9+5

1CQ| = §\/42 + 52+ 22

_ 65
5
Therefore, a unit vector in the same direction as C'() is
—4 —4
1
5 |1=——=15
o) 35\,

S‘m
ot

X
SN

6

The length of CR is V/5, since that is the radius of the sphere.

1 —4
CR=vV5x——15
3vh \
1 —4
=-5

)

" OR=0C+CR
1 _4

~ (- +% 5
. —92

1

Thus the desired point is R = (—3,2, —2). \/

Comments

* This question was challenging, and many students did not know where to begin.

* Some tried erroneously to find points of intersection between the sphere and the line.
* A common mistake was to say the radius of the sphere was 5, when it is really /5.



Question 14(d) (i) Marks

- Provides correct solution. 2 marks

- Finds the complex numbers representing K, L and M OR finds one of | 1 mark
KL and KM.

Solution

@)

Since AOAB and AOCD are equilateral, OB and OD are anti-clockwise rotations of
OA and OC respectively by Z about O. Therefore b = wa and d = wc.

Since K is the midpoint of OA, we have OK = %a.

—

Since L is the midpoint BC, we have OL = 3 (¢ + wa)

Since M is the midpoint of OD, we have OM = jwc. \/

Hence
KL =OL - OK KM =OM — OK
BRI 1
=5 (ctwa) —ca = qwe—a
1 1
= - (c+wa—a) :—(cw—a).\/
2 2
1
:é(a(w—l)—i-c).
Comments

- There were many inaccuracies with notation that could be improved.
—
- Vector arrows were forgotten, e.g. KL instead of K L.
- Tildes were placed under complex numbers, such as w, which is not correct.

- One misconception was that OL = %@ In truth, OL = % (O—B) + @) :
- Students used circuitous paths to find KL.

- For example, KL=KO —i—@ +CB +E))L.
- The simplest path is just KL = KO+ OL.



Question 14(d)(ii) Marks
- Provides correct solution. 2 marks
- Obtains w? —w = —1 or attempts to prove wKIL =KM. 1 mark
Solution

First note that

WP = (5)°

— ei7r

= 1.

It follows that

wWw4+1=0
(WH+D(w —w+1)=0
W—w+1=0 (w#-1)

wr—w=—1. (*)\/

It suffices to prove that KM is an anti-clockwise rotation of KL by % about O.

That is, we wish to prove that wKIL =KM.
Use part (i) to obtain:

wKL == (a(w—1) +¢)

| &

(a(w® — w) + w)

N | —

(a(—1) + cw) (from (x))

— N =

= —(cw —a)

_wiiv

\)

Comments

- The dot product cannot be used to answer this question.

- The dot product only applies to vectors with real components.

- Thus expressions such as (cw + a) - (cw + a) are not well-defined.



2024 YEAR 12 MATHEMATICS EXTENSION 2 TRIAL SOLUTIONS ot

Question 15 (a)(i) (2 marks)

dv dv

3 = 182° + 2423 + 62, using F = ma = 3vd—
x

Vi
d [

v—v = 62 + 82> + 2z
dx

J vdv:J 62° + 82> + 2z dx \/
_2\/§

1 v xT
— {vﬂ = {zG + 22t + zz}
—2v/2 1

1
5(112—8):306—1—21‘44—3:2—4

v? —8 =225+ 42* + 242 — 8

V)

0% =225 4 42 4 222
=22%(2* + 22% 4+ 1)
=22%(2? +1)?

v =—V2z(1+2?), sincev <0andz >0 \/

Marking Scheme

v [1] for correct separation of variables and integrating (with or without limits)

v [1] for correctly showing the required result

Marker’s Comments:

e Generally well done.
e Some students who used indefinite integrals did not write the constant of integration, or did not evaluate
it using the initial conditions.

dv dv
e Students who did not convert a into v were not successful. Converting a into v is a key step in
i 7

Extension 2 Mechanics.

SYDNEY GIRLS HIGH SCHOOL



2024 YEAR 12 MATHEMATICS EXTENSION 2 TRIAL SOLUTIONS

Question 15 (a)(ii) (3 marks)

‘i—f = —V2z(1 + 2?)
dx
— = —\/2dt
(1 + x2) vz
J 7d \fj dt
) z(1+z
Consider # = é + Bz+C

x(1+22) = 1+a?
1=A(1+2%) 4 (Bz+C)x

Letz=0 ~A=1 v
Equate coefficients of x 0 =C

Equate coefficients of 22 0= A+ B .. B=—1

1422

1
J - dr = —V/2t
L
1 11 (1+
noe— -
T 211 z2
1 3
2[21nx—ln }1:— 2t

{ 1+z2

In 1+;1:2 —1n5 = —2/2t
2 2
272 _ 6_2\/§t
1+ 22
1+ 22 . 62\/§t
22

1+ 22 = 21’262\/§t

1= g2 (2e2“§t _ 1)
1

V2e2vat — 1’

since > 0 \/

ST =

Marking Scheme

v [1] for correct partial fraction decomposition and correct value of one of A, B or C'

x
14 22

1
v' [1] for correctly integrating — —
5

v [1] for correctly showing the required result

SYDNEY GIRLS HIGH SCHOOL




2024 YEAR 12 MATHEMATICS EXTENSION 2 TRIAL SOLUTIONS R

Question 15 (a)(ii) (3 marks) continued...

Marker’s Comments:

e Generally well done. However, some students were unsuccessful in making = the subject after they had
2

2
obtained In ?xﬂ = —2+/2t (or similar variants).

e Some students who used indefinite integrals did not write the constant of integration, or did not evaluate
it using the initial conditions.

x

e Alternatively, to evaluate J , the substitution x = tan f can be used.

o @
L (1 +22)

Question 15 (b) (2 marks)

. 2
Given 1 + a2 + -+ - + x, = n-,

2
> Yr1x9 - Ty, (using the given AM-GM inequality)

n" > xiTe Ty \/

1 1 1 11 1
Now — + —+--+—2>n}/———, (using the given AM-GM inequality)
5 B Tn Ty T3 Tn
B n
- m1x2 DR l‘n
n
>
Z

Marking Scheme

v' [1] for correctly deducing that n™ > zyxg - 2, (or n > Y/r1Ts - T,)

v [1] for correctly showing the required result

Marker’s Comments:

e This proved to be a challenging question for most students. Some students were able to utilise what
was given in the question to deduce that n™ > z1x5 - - - x,,.

e Many, however, were unable to deduce the required result. Students should keep in mind that certain
results/techniques may need to be applied more than once, such as applying the given AM-GM
inequality twice in this question, or applying integration by parts more than once in other questions.

SYDNEY GIRLS HIGH SCHOOL



2024 YEAR 12 MATHEMATICS EXTENSION 2 TRIAL SOLUTIONS ot

Question 15 (c)(i) (3 marks)

Let u = (1 — 23)" v =2

u =n(1—a23)""1(-322%) v =

— 3£ 3 3\n—1
=5 Ox(l (1 J;))(l )" dx
3n
= | z(1-2*"""t —2(1—-2%)"dz
2 Jo
3n
= Inf - In
5 (In-1—1In)

21, +3nl, =3nl,_

3n
I, = L, v
) 3n+2 !

Marking Scheme

v [1] for correct expressions for u, u’, v and v

v' [1] for correct application of integration by parts

v [1] for correctly showing the required result

Marker’s Comments:

e Generally well done. However some careless errors such as writing v/ = n(1 — 23)"71(322) (no minus
sign on 322), or incorrect application of integration by parts were made by a handful of students.

e Care must also be taken when algebraically manipulating z* into (1 -(1-a3 )) Students are advised
to check whether their new expression is equal to the previous expression.

e A repeated error seen in a number of responses included letting v’ = (1—23)", and incorrectly integrating
(1— 23)n+1

to obtain v = m

SYDNEY GIRLS HIGH SCHOOL



2024 YEAR 12 MATHEMATICS EXTENSION 2 TRIAL SOLUTIONS ot

Question 15 (c)(ii) (2 marks)

I, = J (1 —23)" de
0
1 n
— n _ 3\
_J' xZ(T)( x°)" dx
0 r=0
n n 1
= Z < )(1)T 3 dy
r=0 r 0
n 3r4+2 71
£
= \r 3r+2],
n n 1
= —1 r
(r)( ) 3r+2
r=0
. 3n
From (i), I, = 3 1 2in1
3n 3(n—1)
= X n—2
3n+2 3n-1
_ _3n o 3(n—1) o 3(n—1) ><~~~><§><IO
3n+2 3n—1 3n—1 5 1
_ 3"n! I where Iy = J x dx
Bn+2)3n—1)(3n—4)---5 " 0
_ 3"n! _ 1 [xz]l
T Bn+2)Bn—1)(3n—4)---5x 2 % 0
T2

(n)(—l)T 1 3"n! v

r 3r+2 (Bn+2)Bn—1)Bn—4)--5x2

.
HM:
[}

Marking Scheme

. 1
v [1] for correctly showing that I, = E (n) (_1)Tm7 or equivalent merit
r r
r=0

v' [1] for correctly showing the required result

Marker’s Comments:

- o1
o Generally not well done. Many students were unable to show that I,, = Z <n) (—=1)"——. Students

—\r 3r+2°

should remember that content from Mathematics Advanced and Extension 1 are assumed knowledge
for Mathematics Extension 2 (in this case, The Binomial Theorem from Y11 Extension 1).

3"n!
e When showing I,, = students need to write the last term, I, as well
WHE I = 3 T 2)Bn - )(Bn—4)- - 5x 2’ v ) 10, A8 W
as the previous term, —, i.e. students need to clearly show that

_3n ><3(n—1)><3(n—1)
T 3m+2° 3n-—1 3n—1

3
n X oo X 5 X Iy, and evaluate Ij.

SYDNEY GIRLS HIGH SCHOOL




2024 YEAR 12 MATHEMATICS EXTENSION 2 TRIAL SOLUTIONS ot

Question 15 (d) (3 marks)

Forn=1
12

LHS= — ~0.71 RHS=1*V1=1
V2

- LHS < RHS - trueforn=1 v

Assume true for n = k

12 22 2
ie. assume —— + —= +---+

V2 V3 VE+1

< k*Vk

Prove true forn =k +1

i.e. RTP 1—2+2—2+ + i +<k+1)2<(k+1)2\/k+1
- V2 V3 VE+1  VE+2

12 22 2 (k4 1)

LHS—RHS = —= + ——=+ -+ + —(k+1)*VE+1
V2 V3 VE+1  VE+2 (k1)
(k+1)2
<k2ﬁ+ﬁ—(k+1)2 k+1
k+1)2
<k2\/%+(\/;+7)1—(k+1)2 k+1

VR DVEF T R+ )2VETL V)
<EVE+1+(k+1)VE+1-(k+1)*VEk+1
=k +k+1-k —2k—1)VEk+1

= —kVEk+1

<0

.. LHS <RHS .. true forn=4k+1 .. true for all integers n > 1 by

mathematical induction \/

Marking Scheme

v [1] for correctly showing the base case is true

v [1] for correct and substantial progress in the inductive step

v' [1] for correctly completing the induction

Marker’s Comments:
e This was a challenging question for many students. Students should carefully examine what is needed
to be proven for the inductive step to gain insight on what steps are required to complete the proof.

e Students should read the above solutions and incorporate the techniques into their toolbox of problem
solving strategies.

SYDNEY GIRLS HIGH SCHOOL



Question 16

*9 (1+i7c3mi Ci—""‘-)‘mu
pee) = 21 0C
4n+4 gt
(:L-F lSm[t—,';'; (._ ‘S”'4n+:1>
P (_{a 4’”1) cos#:ﬂ_ Santd
20 tanZery

(Sec 4.n+_'l_ dni 4 ant) nta
2 -lun @ = ania ) (LS &M})

4n4 |
_E_ . -
_ G&ML) cistm — CISER)

2i tan &
4n+
. gn+l _
= (Se"ﬁa,) 14— |V
[ 4 S
21 Fan it L 1
= O
) = 4an Z ero .
a1 @ of P )
SI Gz
AW 1 for Cx}mfe,ss "l‘an A =
4n+ 4 CoS o SR
4ntd

anﬂ{) conve~t 1vio CUGW%L)



alii) wide: 2z — Z = 20 Tm (z)
. ‘t'l+—'1- iz 4n+4_
LHS = P(’C): 61+UC (i—

Zl)C_
: . 4n+ 4L
- 2l Im( 1 + l.?C] /
201 X

i 4n+ 1
Tom (fL-r 1x)

—
—

[
x’ =

1: C, qw’wc + 5n+é9CJ + C_ (i~ iy

4nt

1. 4ni|
i), AnEl. e sl
4,,4_4_ gn+| - C L+ -+ C. 2
:,Imt v C, 2l —C T

3 ognt|

| yns] 4uil
ynt | an+ | S il 5 C j
| R 7
A e
2C 1 2

41

6(,/ Ht) Assume. where F cl haVe ng Commori facfars

let v = _E_ ) P(_ﬂ_)_

m
f qn.-,-l Cm-ri qn+| s % =0
() G _7'% Cs -‘% i

(_ﬁ) 4vn+l 4!4 i+l 2 ut| 4 4n-¢

GP G P = = P
Nl o -3 ntl s -
‘Z[%'?“"i—é'ﬂ? &R =

Ptm is difsible b y how'ever /0 ? have no Common
aw L Lor subs(74) Zvdo plx) =0 Factors



foM QSSdm/?L/h?/ So 7: 4 (s “fhe_ (‘/nlj ﬂﬁgs;b{br{y
V:%;- :.f =p s on an‘C/C/- v

a/iv) 14 Han (E5.) was padional , [t wodd be

an im’lege,;/ 193 Par’f (i and @

However © <. an & o fan &
4ntd &

o < 1
O < +an4n+l v

whith means tan (25];;4_} cant be an
lhfffe// a COn+VZLO[fC—fI‘ﬁn_ HCI’LOQ_ -’/'am (ﬁ,‘..,.i)
is an lrralional.

Some S"}uden'}& S+od‘ed "l'om % 1 Ccm'*[’ be an I'rﬂ’CgCV
without provinc{ i+. No marks. 4"

bh-2ab+2a =gt -ach+bb=ce-apc+2.2
|8 ~22.b +[a] = |e] - 2eb + ] = |c|-22¢+]a)
2R —20b = 28 ~2bC = 2& —24.C
—2q.b = —2b.C = —2ac
b = be = 2¢ V )i
AW L for havfnf Z:’E)/: @,P@;)(Q"ﬁ. or Siml]a;/ fyr /B'c_,?/or



b/ii) Show AP = _31_ AT

—_ S —S
AM= BM + A B
=> =1(c- )+b-a
— . fio L(e-b)+2-2
AP = Vector Pr{}ﬁ? ;)‘1_9/43_"_2—3/
ol /+'59 A-71—7 —
AP = AT A
AT, A A
1b - -
AP = '—'@Cé& a2 '%7 AM g M
(s2ric-a)hkriea
2
—s -~ah _ & 4+ |a
A= o pn ] W
p|* -1 Ibe +l]e|*-la-c-lab -Lac +]a|?
el +ibe ~fak+iberle]-lacdab fac+]4]
—_— 2
A = R — L ﬁ-,l? +ﬁ,£; —
’ "[ ~ / AM
z -— —
2R+ tbhe b —-2C
W7 (r=—abk). a1
T 2 @2-’-2&—"@.,&)
2 (K >«b)
A—Ea — A‘F‘_>
3
.
AP = ZAM
3
A0

AW 1 for recognise AP = Vector Fr‘ad'

in terms o b, ¢ .

—
e ~+hen Snmphfj



x (—%x«) + ro = g°
2
r_ _ 2-
l,cP (@) ) —;L;C 7
L C)CJ + =
e 32 Cﬂ""r.) = .x,z
L %X/ S} (p+r) = _2'_;57’ o) /
Ox2 : 2(p* rr) = _3_’.75?"®
'fﬂ’""\ @dn&@
2
Z[i —r*) = CIZ+V)
2
2 —2r" = p 4 olr + T
5 Vv
(F\~3f)(z+r) =
R -3¢y — g
Onl ’Z—S/ T
y a few studerits achieved full rmarks Tor "rfits
) part.
) A‘rg(i-i) = Ar‘g(i+ ()
Ary(2-1)— Arg (2 +1) =
A
rg (Zr}-() =0
Z._
— is real oB Im(Z+L>=o
Let = = .7C+t\Lr
z-1 '
o ox +1ly—4 Cx g_')—l—llj

Z+ :
xr —1y + i
x —i(y—21)

P—



2-4 _ [(m—i)-:-iﬂ[pc—:— [(‘-J—:L)J

Z x* + (y-1) "
-2 —y(y-1) + iﬂx-UCH"’)*’Lﬂ
x4 (y-10"
Im =0 . (,C,,)(cd—l) + ry = O
)(,y—?c_—j + 1+ Yy = @,

v(z_x,——t) = x —/| ’/

_ J—1
/ 22—

B V4
_____ =] _ ol /}rg[@) 13 undefiaed

L Z2-l=#0, 24
.24-57&0
z =+ —

=z 4+ (

A number of S-h,{o!,en‘h read

Arj (Z+i) as Ary CZ+E) .
Td's fmr)or’l‘an"f to V‘cwﬁnf&‘e,
241 ad =£¢

AW | for haviag y=22=L .
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